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Abstract—A two-dimensional mathematical model of two-phase flow is presented. The analytical for-

mulation of the model involves the mass, momentum and energy conservation equations for vapour and

droplet flows, liquid film and for the wall of the channel, and also a number of subsidiary relations
incorporated to close the set of equations. The assumptions invoked are analysed.

1. INTRODUCTION

IN RECENT times a considerable amount of attention
has been devoted to the development of com-
putational methods to determine different two-phase
parameters. The need for their development to inves-
tigate two-phase flows is accounted for by the fact
that it is not always possible to obtain experimentally
information required for the design of heat ex-
changers.

Two-phase flows are characterized by a stepwise
variation of physical properties, such as viscosity, den-
sity, thermal conductivity, etc., in space and time and,
in a general case, by the unsteady and non-uniform
character of interphase exchange processes. These fea-
tures make it difficult to develop mathematical models
of two-phase systems. The analysis of available pub-
lications shows that the first models of two-phase fluid
flows in pipes have been developed not to investigate
directly the characteristics of these flows, but to
describe analytically the conditions of burnout heat
transfer. The basic equation in this case was that for
the film flow rate, whereas the flow characteristics
were described very schematically and empirically.

The basic parameters of two-phase systems, such
as temperature, concentration and phase velocity
fields, are determined with the aid of one- and multi-
dimensional models based on mass, momentum and
energy conservation laws in the form of differential
equations. The controversial point here turns out to
be the construction of the conservation equations
themselves. Two methods of deriving such partial
differential equations are known. The first of these,
the statistical approach, is characterized by the use of
conservation laws in integral form with subsequent
space-, time- and ensemble-averaging and transition
from integral expressions to differential ones [10-20].
The difficulty of this approach is associated with the
determination of the scales of averaging. Here, just
as in the theory of turbulence, a non-closed set of
equations results whose closure requires resorting to
a number of hypotheses. The second method consists
in averaging the fluid properties over an isolated space
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and assuming the interacting phases to be inter-
penetrating continua [21-27]. No physico-mechanical
model is generally applied in this case which would
describe the newly obtained hypothetic flow.

The difficulties characteristic of the above-men-
tioned methods reside in the specification of the con-
ditions for mechanical and thermal interaction of
phases and the conditions at the boundaries. As noted
in ref. [28], a not very lucid formulation of the bound-
ary conditions is attributable to the fact that the wall
region of a two-phase flow is very provisionally
modelled by a flow with ‘spread’ characteristics
because of the compliance of the linear scales of
motion with the dispersed phase dimensions and
because the conditions of zero velocity at the walls for
a dispersed phase are not met.

Despite the quantity of works dealing with the deri-
vation of mass, momentum and energy conservation
equations for two-phase flows, the number of specific
models of two-phase flows are very limited. These are
first of all the one-dimensional models which deter-
mine the cross-section-averaged basic flow charac-
teristics (phase velocities, vapour temperature, mean
film thickness, etc.) and the parameters in the burnout
heat transfer cross-section [29, 30]. A characteristic
feature of these models is the application of non-
universal empirical relations. A comprehensive survey
of these works is made in ref. [31] which also considers
various techniques for deriving averaged two-phase
flow equations needed for the formulation of a two-
dimensional problem.

A few two-dimensional models have been
developed for the solution of separate problems with
momentum, mass and energy conservation laws with
a different degree of completeness.

In works [6, 32] one of the most important pro-
cesses characteristic of annular-dispersed and dis-
persed flows—the process of dispersed phase motion
in a turbulent vapour-droplet core—is modelled in a
two-dimensional statement. In ref. [32] the assump-
tions are substantiated and the limits are specified for
the applicability of the diffusion scheme of particle
deposition in a turbulent gas flow. It is assumed that
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thermal diffusivity
concentration

heat capacity

diameter

diffusion coefficient
acceleration due to gravity
dimensionless specific mass flux
integral mass flux

length of the channel

liquid flow rate

dimensionless liquid flow rate
pressure

specific heat flux

transversal and longitudinal coordinate,
respectively

heat of vaporization

slip

temperature

vapour velocity

droplet velocity

steam quality

coordinate of reference point.
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Greek symbols

heat transfer coefficient

hydraulic resistance coefficient
film thickness

dimensionless film thickness
turbulent diffusion coefficient
dimensionless temperature
thermal conductivity

kinematic viscosity

dimensionless transversal and
longitudinal coordinate, respectively
density

surface tension

shear stress

void fraction

coefficient taking account of liquid
fraction in the core
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NOMENCLATURE

W:  dimensionless transport coefficient

Q angular velocity

K, Ky, Koy Ng, m, P, Q, a, k(x), N, n;, A, O(dy),
f&), F(&), k, f, coefficients and
functions within the text.

Subscripts
b probable quantities
c core
cell cell
d droplet
dep  deposition
en entrainment
ev evaporation
f film
F superficial quantities
1 liquid

lin linear quantities

max maximum parameters

refer to quantities at the reference point
and at the end of the channel
r,&  refer to transversal components
rel relative quantities

s refers to quantities in saturation
conditions

refers to surroundings

t,v turbulent viscous quantities

v vapour

v volumetric quantities

w wall

refer to longitudinal component
refer to wall, film and core
refers to fluctuational quantities.

Superscripts

- averaged quantities
refers to liquid
refers to vapour.

’

"

the concentration of admixtures and the sizes of par-
ticles are small, the kinematic properties and the trans-
port coefficients of particles and of the medium are
identical, and that the admixtures do not alter the
turbulent properties of the carrying flow. With these
assumptions, the number density distribution of non-
inertia particles is described by a two-dimensional
diffusion equation with appropriate boundary con-
ditions. The problem formulated in ref. [32] is ana-
lytically solved in ref. [6]. Additional assumptions
were made in order to introduce the cross-section-
constant transport coefficient and the longitudinal vel-

ocity component of the carrying medium independent
of the transversal coordinate. The transversal flux of
the mass of droplets obtained from the solution of the
above problem was used to construct an analytical
relation to determine the critical heat fluxes.

In ref. [33] a model of a non-equilibrium dispersed
flow is presented. The model is based on two-dimen-
sional mass, momentum and energy conservation
equations for vapour flow stated under the following
basic assumptions: the processes are steady; direct
heat transfer from a wall to liquid is neglected ; the
liquid phase is uniformly distributed over the tube
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cross-section ; the temperature of droplets is equal to
the saturation temperature; interphase interactions
are ignored.

Below, a two-dimensional model of annular-dis-
persed and dispersed flows is presented in the form
of a specified and closed set of partial differential
equations. The construction of problems to determine
the temperature, velocity and phase concentration
fields is considered consistently, the hypotheses intro-
duced are substantiated, and the results obtained are
discussed.

2. BASIC ASSUMPTIONS

Consider a vertical, electrically heated tube with
downstream, alternating, annular-dispersed (con-
ventional heat removal region) and dispersed (post-
burnout region) modes of flow.

To analyse in detail the processes occurring in the
system, the latter is divided into the following zones :
a heat-emitting wall, a two-phase film, and a two-
phase core.

The two-dimensional partial differential mass,
momentum and energy conservation equations for
each phase in the zones (for the wall, only the energy
equation) in unsteady-state formulation are given in
ref. [34]. The system was specified for the given
geometry by the procedure suggested in ref. [15]. How-
ever, the resulting complete mathematical model did
not form a closed system, and the problem of its
numerical solution remained unsolved.

In order to close and numerically solve the system,
it was simplified under the following assumptions:

(1) The problem is of a steady-state nature.

(2) The temperature field of the heat-emitting wall is
the function of the longitudinal coordinate alone.

(3) The fraction of heat due to film superheating is
not taken into account in the general enthalpy
balance.

(4) The liquid film is a single-phase (non-boiling) film
and the corefilm interface is not disturbed (no
rippling). These assumptions are quite suitable for
the regions close to the burn-out cross-section
whose boundaries can be defined in terms of Re;.

(5) In the diffusion equation the entrainment flow is
considered as mass sources distributed in a given
manner. The hypothesis is justifiable when remem-
bering that the droplets entrained from the film
surface scatter the initial momentum, while inter-
acting with the flow at some distance from the wall
and, starting from a certain coordinate (the place
of mass source action), move only due to the forces
acting upon a droplet in a turbulent gas flow.

(6) In the vapour-droplet core there are differently
sized droplets and, to take into account the influ-
ence of the droplet size on diffusive and convective
motion of droplets in a flow, the entire assembly
of droplets is treated as an aggregate with equally
sized droplets in each group; the mass flow or
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the number density of droplets is considered as
additive quantities of the corresponding charac-
teristics of separate groups.

(7) When formulating the problem on the deter-
mination of velocity fields in the core and the film,
the vapour-droplet flow core is represented as a
homogeneous Newtonian fluid flow with known
properties.

3. MATHEMATICAL MODEL

3.1. The one-dimensional energy equation for a
tube wall with internal energy release, familiar axial
heat flux distribution and efflux of heat in the initial
and final cross-sections is

0 ot
az[(rg—rg)lzlFZ{]'*'qu(rg—r%)_zrqul =0 (H

with the boundary conditions

ot

“Azl“a?' = oot —loa) at z=2z, (2)
ot

—/Izl_l‘ =—a,(ti—t W) at z=L (3)
0z

The two-dimensional energy equation for a vapour-
droplet flow core, with heat sinks due to the evap-
oration of liquid droplets in a superheated vapour
taken into account, is

ot, Ot, 10 ot,
(%P)a(“:ag + U E) =7 5;’}»,3 By 4w C))
with the boundary conditions
ty=1t at z=2zy, 0<r<r %)
at,
E=O at r=0, z, <z L
(6)
ty=1;, qi1=¢q; at r=ry, zy<z<L
quiro (13
qs =T<r7,—1)’ m; >0
)

ot
q3=ir3ah:+rv']depfl’ ml'=0

fi=exp[l—(t,/t)*] is the function taking into
account the fraction of the deposition flow due to
evaporation [45].

3.2. The mass transfer equation for a flow of drop-
lets, without accounting of diffusive transfer along the
channel for the ith group is

t’?vﬁ+ﬁ+ﬁvn iﬁ_i_ ¢
@\ v T E )T or iz

10 Jc;
= ;5<rDiE)+an,i_va,i

where J,, and J,, denote the mass sources and sinks
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due to liquid entrainment from the film surface and
evaporation of droplets in the post-burnout region.
The boundary conditions are

¢ =Ckf(r), z=0, 0<r<r, O]
e,

Lo, r=0, zo<z<L (10)
or

=0, r=ry, zo<z<L ayn

where k; is the mass fraction of droplets of the ith
group and f(r) is the cross-section distribution func-
tion of the concentration of droplets.

The mass flow rate of liquid in a film, with evap-
oration from its surface, entrainment and deposition
taken into account, is defined as

) dz
r=rq—&

z N ac,—
me=meo+2mre | Y —D,,»a

zgi= |

—2ar, J %ﬂdz—anoj Jodz (12)
Here
mge = c-oaomg;—o" 13)

¥, is the liquid fraction in the core at the inlet [42].

3.3. The continuity equation of the vapour flow,
with mass sources due to the evaporation of droplets
in a superheated vapour taken into acount, reads

Qus, Us, Ous,

= 14
0z P or Teo 14
with the boundary condition
ur=£ev7(l—p—/)’ r=r0_6’ 20 S ZK 2y (15)
rep p

Taking into account the above assumptions, the
problem of finding the velocity field in the carrying
medium and in the liquid film under adiabatic con-
ditions can be presented as

16 (ou ——\ 1dp
ror’\"ar Tt T poz

0<r<ry—3 (16)

%%r(v’% —u&,u},) = %Z—[Z), re—0<r<r,
an
with the boundary conditions
% =0, r=0
ou , L O0uy  ———
U= Uy = Uy Y pU = PV U,
r=rqo—4. (18)

3.4. The convective component in the diffusion equ-
ation (8) is determined by the steady-state equation

for a moving, spherical, liquid droplet in a vapour
flow

nd?
ndap' WY == (0"~ p)g

d? d3
—Bgt o vl =Wk,
3
X [(W)v— (vW)u] + %fip"[(vvm

3
+ %p”[ﬂ(v—U)l (19)
where k, is the coefficient of the added mass.

3.5. In order to solve numerically the set of equa-
tions (1)-(19), these being a simplified version of the
annular-dispersed and dispersed flow model, it is
necessary to close the equations and present them in
dimensionless form. The scales for the unknown and
independent quantities are: r,, L for the lateral and
axial coordinate, respectively; T, = gy,ri/A; for the
temperature, where gy, is the mean specific volumetric
heat flux in the channel wall; &, for the velocity; p’
for the mass concentration of the flow of droplets.

Usually, when specifying the energy equation for
the wall (1), the heat flux density along the length of
the channel is set as

qr = qu;; (20)

where f, is the dimensionless function of the axial
heat flux distribution which satisfies the normalizing
condition

1 L

I J; Sodz=1. @n
For a wall of specified shape (the case of an electrically
heated channel with the given f)), the heat balance
equation for a tube element may yield an equation
relating the local heat fluxes to the intensity of volu-
metric sources

gvi = 2¢r)
Y (=)
(here £, is the dimensionless radius of the external

wall of the channel, &, = r/ro) as well as the
relations for the mean values of the above quantities

22

= 1
_ qwnr
U431 =~V¥Ia I‘_‘J:) (é%ex_l)dn

By introducing the dimensionless quantities n = z/L,
0=1¢T,, q(n) = 29¢/Gviro» With equations (1)-(3)
taken into account, the problem of determining the
one-dimensional temperature field in a contoured tube
wall is presented as

d o0
%(Cﬂx— 1)671 = N[g(m)—£,1] 23)

o6
bk} = BloA(el _go.sur) n="e

5 @4
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%,
on

where A = L/r,.

In order to determine the heat sink due to droplet
evaporation in the region of superheated vapour, equa-
tion (4), the following problem will be considered. A
single droplet is isolated together with the sur-
rounding spherical volume of superheated vapour of
an arbitrary radius r,. In the superheated vapour in
a cell the heat flux per unit time for droplet evap-
oration is

= —Bi;,A(0; —010) n=1 (25)

Qv; = ndga(t; —1,). (26)
The mass lost by evaporation is equal to
dio(ts—1
= — Ed’_a(ﬁ—s_)' 27

ry

If the concentration and heat sinks are defined
respectively as

ddi ¥ QVI
. = 4 — —_— 28
C; (du"i> P 9v31 6d;m ( )
then
6a(t; —1,)
= - 29
qvsi ddi p/ C; ( )
where « is determined from an experimental formula
[35].

After being put in dimensionless form, the problem
of determining the temperature field in a vapour-drop-
let core has the following form

Uys00, 1138 00, 00,
A on " PezogetTor Ve
1 6 Y CNu,
_P_EE,; dg: 63 (30)
with the boundary conditions
6;=0 at n=19, 0<¢<I 3D
00,
-7 = = <<
o 0 at (=0, no<n<l
91 =63 =09 q(’?)zf;,la €= 13
Ho < n < Ners Mf > 0 (32)
A" 00, Uty o oc;
6, =0, =22 2y vy p,
= 400 =2 G B e
é= 13 ﬂcr<”< 1’ Mf=0 (33)
Here
. dbd _ ddl
dbd _vro_’ ddi dbd
\Ilvl- = 1+ at\ll‘, alur = Pr 85’:
as as Prlur v

where Pr,,, is determined according to refs. [36, 46].
It should be noted that the heat sinks in equation
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(30) and boundary conditions in equation (33) were
specified by representing the assembly of droplets by
a set of groups with equally sized droplets in each
group. The heat sink in equation (30) was considered
as a net sink due to evaporation of droplets from
different groups. Analogous concepts are used to spec-
ify the boundary conditions for equation (33), where
a fraction of heat for vaporization of depositing drop-
lets is defined as the total evaporation flux over all the
groups.

3.6. Closure and specification of diffusion equation
(8) are achieved by representing, in an explicit form,
the diffusion coefficient of droplets, heat sinks and
sources and by putting equations in dimensionless
form. The general expression of the diffusion
coefficient is as follows [37]:

D~vT (34)

where v’ is the averaged square fluctuational velocity
of a diffusing particle and I is the Lagrangian time
scale.
If the fluctuation periods of the fluid and of the
particle in a turbulent flow are equal, then
2

Dy _ 35
Dot @3

.|

<

The ratio of the averaged fluctuational velocities
defined in ref. [38] as the degree to which the particles
can be involved in turbulent fluctuations is essentially
the coefficient taking account of the degree of the
inertia of particle drifting by diffusion in a turbulent
flow. It is clear that for inertia-less inclusions (small
particles having the density of the carrying medium),
the fluctuational characteristics of the flow and of the
inclusions get closer together. Calculations show [39]
that a substantial difference in the ratios of velocity
fluctuation amplitudes for rotational and trans-
lational motion of particles in the flow and, cor-
respondingly, in the diffusion coefficients is observed
at low Stokes numbers Ng = (v'/ewd?2)'/* associated
with high cyclic frequencies of the carrying medium
and large sizes of particles.

In these conditions the diffusion coefficient for an
arbitrary group of droplets was taken to be equal to
that for inertia-less particles with the correction for
their inertia

T2
D=D,"

= (36)
where Do = (0.026/Re*%) ig,r, [40], and the values of
E = v"%/u’? are calculated according to ref. [39].

The mass sinks due to droplet evaporation in a
superheated vapour in equation (8) are determined
with the use of relation (29), divided by the vaporiz-
ation heat, and the mass sources in the flow of
droplets are determined by an empirical expression
which yields the specific entrainment flow per unit
length [41]. After putting the diffusion equation (8)
into dimensionless form by introducing the above-
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given scales and relations for sinks and sources and
transforming the linear specific entrainment into the
mean volumetric intensity of mass sources, the
diffusion equation for an arbitrary group of droplets
becomes

Uu,oc; 190 oC; oC;
A an - gaesDugy ~Selegg
146U, oS
qpl SO gyt IQ%]
+Ien,i+1ev,i' (37)
Here
Nu, (p'p) ¢
ev i= 3 J N T e~ 3 C 9 38
39 Pe Wl 6, 0 Y
where
Ja = L_PZ& p\;
re p
is the Jacob number.
Jin
L, = ‘,_ k,Fi 39
=) (39)

where Jy, is found according to ref. [41]. It was
assumed in calculations that the coefficient k, which
takes into account the mass fraction of droplets of the
ith group in an entrained flow, is equal to the
coefficient k; of the same group in the main flow for
which the diffusion equation is considered.

The drop size distribution function in the main and
entrained flows is taken to be equal to [30]:

® = 4d2exp (—2dy) (40)

dy = dy/dyq wWhere dy, is determined according to ref.
[43].

The mean size of droplets in each group can be
found from the relation

41
J di®(d,)dd,

d,

du e ——
J did(d,)dd,

d,

41)

and the mass fraction of droplets k; of the ith group
is determined by the formula

iy
j d;®(dy)dd,

d,

. (42)

k=
J d;®(d,) ddy
0

The function of the distribution of mass sources
over the channel cross-section F(&), equation (39), is
taken to be the function which acquires the zero value
at the wall, the maximum value at some distance from
the wall and a certain, non-zero value in the centre of

the channel

2
F(&) =k, (1-&) exp [~ A a —é)] (43)

where k, is determined from the normalizing con-
dition and A, = mA is the optimized coefficient which
characterizes the position of the maximum of F(&).

The boundary conditions (9) for the diffusion equ-
ation incorporate the radial distribution function of
the concentration of droplets in the initial cross-sec-
tion f(r). Most likely, the function should take into
account the smooth character of the concentration
profile and also follow the assumed conditions for the
concentration field of droplets in the centre of the
channel and at the wall.

Taking into consideration the velocity contri-
bution to f(r), the following expression was derived
in dimensionless form:

-1

1

f(&) = (l—é”')[2ﬁ (1—6"')Un§dé] (44)

The value of the coefficient n, was optimized by
comparing the numerical results with the experimental
data. The effect of n, was found to decrease with the
distance from the initial coordinate to the calculated
cross-section. It was assumed in calculations that
n, = 4.

After having specified k;, f(&), taking into account
that the mean dimensionless concentration of the flow
of droplets at the inlet is equal to

- ¢ 1—x, Xo
€= pi—A( x°)/( o +p”> 3

the dimensionless boundary conditions for the
diffusion equation may be written as

Ci=Cokf(&), n=0, 0<E<1  (46)
ac,
i = <<l 47
PR 0, £=0, no<n 47
C=0, &¢=1, no<n<l (48)

The equation of the liquid balance in a film (12),
after being non-dimensionalized, with the re-appear-
ance of the film taken into account (which is possible
in the case of non-uniform heat flux distribution along
the channel), has the form:

1 1—

Mf:ﬂc \FO 'lulz
eq; qvito
X\ —Dg— — e ) —
( o o¢ f=1-a ) 4 2p"ir,
i A7 00,
2*** dn. (49
LPW af“A]”()

Here
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3.7. With the earlier hypothesis on the evaporation
of droplets in a superheated vapour taken into
account, the continuity equation of the vapour flow
(14) can be put into dimensionless form as

U, U, wg)
—+Al =+ ) =1
on (6 4

with the boundary condition

(50)

' o’
f co P rvuo( p ) ¢ 620!
where
I _3/1" goLé Y NuC;

i;—’xrvdbdﬁa =1 dgi ’

In the above energy and diffusion equations and
boundary conditions the value of the most probable
droplet diameter in the initial cross-section was cal-
culated according to ref. [43].

When, to express the Reynolds stresses, the eddy
viscosities are introduced into the problem of velocity
field determination in the core and the film

—— _ Ou = _ 6’143
—UU, =8, ;3;’ Ul = &y ar
and also the dimensionless variables
U e L
U+ = 1711 U2+ = Ur’ o
1 &, o B2ty
lIJ"—‘ReT (1+;)’ ¥ =¥ &+v
R R B r_oai)x;zm T_01;2
Ty 200z  \p
=2
To=pf (52)
then the problem (16)~(18) takes the form
1d du,
- — | &Y, -2, 0<é<€<1-A (53
fdé(é dé) ¢ (53)
1d dU2+) p
-—1| &Y, =—2—=, 1-A<€éL] 54
Fdz (i TS p ¢ (54)
du,
e 0, &=0 (55)
U+ - U2+ et UA+,
Py UL dt,, ,
;‘Fv dé “sz dé s & = I—A (56)
Uy, =0, =1
where
"[H4+x(S, ~ D]
p= Lt &)

S x+(1—x)p"fp”
The solutions of equations (53) and (54) with the

boundary conditions (55)-(57) are

1—-4A 5
U+ = UA+ +j\ "dé,
3

< -
7y <i{<1-A (38)

1
P ¢
Uy, =~
24 p 5‘1"\,2

dé, 1-A<é<1. (59

After having represented the turbulent exchange
coeflicients ¥, and ¥, in explicit form [44] for the
relative velocities of the core and the film when cal-
culating the integrals in equations (58) and (59), one
finds

Uy _ {“’1 [P—(1-A)Y(P— 1){

U N [O-0-A@-1
&= PIP—(1-4)] R
e oyo—a-a7 } oses
(60
Ve 11 |@=Pe-1
T~ Nmp N @—ojo-n 'TASES]
(61)
where
L"=2U_ U@d&f U2+§d5:]
i Y. 3
L[, |P—a—ay 0-a-ay
A g
P S I L
P=0.25+a|, Q=0.25——a,
- (0.5625+ KOS, x+ (1= x)(p"/p0L )m
(k/3)Re3[S,x+ (1 —x)"/u'?]

oy =[(1—xw V' +x[(1—x)p"/p’+x] is taken
from ref. [35], m, is the constant of the order of unity,
the ratio v"%/u’? is calculated according to ref. [44].

The analysis of equations (60) and (61) shows that
they satisfy the limit transitions: when x - 0, A - 1,
p - p’ and expression (60} yields the liquid velocity
distribution in a tube. On the other hand when x —
1, A=0, p—p", the first term in expression {60)
tends to zero, the second describes the velocity profile
of a pure vapour moving in a tube. Finally, when
&,/v— 0, formulae (60) and (61) give a parabolic
velocity profile for laminar two-phase flow, which,
when x - 0, and x - 1, converts into the well-known
Poiseuille profile.

In order to make use of the above results to cal-
culate the velocity fields in heated channels, it is
necessary to assume that the flow is quasi-stationary,
so that the axial velocity profile varies just as the
similarity factor equal to the mean relative velocity in
the given cross-section. Such variation of the axial
velocity is possible only in the case when the profile
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of the transversal velocity component of the carrying
flow develops instantaneously in the given cross-
section on evaporation of liquid in the flow.

In these conditions

_ = n "
U,,——-ﬁ—"=l+iczj q(n)dn/(l%—cpr—“é?) (62)
n Mo

[ v

Ky

__:QVlroA(l_P_”)
rep"io P

is the dimensionless constant.
For the axial velocity in heated channels one gets
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dl(egm e nillesn]
= — v -uI - Uy
L Kl)(l ”aaU iy, a;g)
au, )
with the boundary conditions
V,=V,&), n=0 (68)
%I—g:O, Ve=0, £=0. (69)

3.9. The set of equations (23)-(69) was solved
numerically. The results obtained are discussed in the

second part of the paper.

U =Z{Lgnuua—mmw—n
TN mp | [0-(1-ANQ-1)
o €= PUP=(1=87] }
E-oyo-a-m7\f’

0<é<1-A (63

g.-Ole 1E=PP=1) 2

T Nmp | E—QNe-Df 3

1-A<é<] (64)

The transversal vapour velocity is determined from
the continuity equation

_1 i K29(n)
Ues = g{U"f © NA1+(c, T /r)0

éz éz

<l

(65)

><[(€2 P)ln i (&*—Q)n

3.8. The problem of determining the steady-state

velocity field of a monodispersed flow of droplets that 9.

correspond to the ith group in the assembly, with the
use of the above-mentioned scales and account of the
forces in equation (19), can be presented in dimen-
sionless form as follows

0 o’ 0
| e T r

10.

p/
[(Fo)a]

= (1_cﬂ”>f2_-—ﬂ|v U|(V,—U,) 12.
P/ "o
oU, _ au,
+(1+K1)< _+V§ aé) >
3 0U 14
—a(Ve=U) |2t (66)
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UN MODELE MATHEMATIQUE BIDIMENSIONNEL DES ECOULEMENTS DISPERSES
ANNULAIRES ET DISPERSES—I

Résumé—On présente un modéle mathématiques bidimensionnel de Pécoulement diphasique. La for-

mulation analytique du modéle utilise les équations de conservation de masse, de quantité de mouvement

¢t d*énergie pour la vapeur et les gouttelettes en écoulement, pour le film liquide & la paroi du canal, et

aussi un certain nombre de relations supplémentaires pour fermer le systéme d’équations. Les hypothéses
faites sont analysées.

EIN ZWEIDIMENSIONALES MODELL FUR DEN UBERGANGSBEREICH
RING-/SPRUHSTROMUNG SOWIE FUR SPRUHSTROMUNG, TEIL 1

Zusammenfassung—Es wird ein zweidimensionales mathematisches Modell der Zweiphasenstrémung

vorgelegt. Die analytische Modellbildung beinhaltet Massen-, Impuls- und Energiebilanzen fiir Dampf-

stromung, Tropfenstrémung, Flissigkeitsfilm und Kanalwand sowie eine Anzahl damit verbundener

Beziehungen, um den Satz von Gleichungen zu vervollstindigen. Die getroffenen vereinfachenden
Annahmen werden analysiert.
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JABYMEPHASI MATEMATHUYECKAA MOAENR AUCITEPCHO-KOJBLIEBOI'O U
AUCNEPCHOI'O MNOTOKOB — |

AHIIOTSIIHII*HPCI(CT&BHGH& AByMEpHas MatcMaTrauyeckas Moaeiik ,lIBde)aSHOI‘O MOTOKA. AHaJIMTHYEC-

Kas ¢opmynnponxa MOIC/M BKIIOYACT YPABHCHUSA COXPAHCHHA MACChl, MMIOYIbCa, SHEPIHH IUIA NOTOKA

[apa, NOTOKAa Kanesb, IJid [UVICHKH XKHIKOCTH H CTCHKHM KaHalla, a TaKXe pal BCIOMOTaTeALHBIX COOTHO-

HIEHHH, HCNIOIL30BAHHBIX IUIA 3aMBIKAHHA CHCTEMBbI ypasﬂeﬂnii. Paccmorpeum H OpCAHAJMINPDOBaHLL
BBOOAHMBIC NONMYIICHHARA.



